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Abstract
Suppose p is a prime, S is a finite p-group, and B is a subgroup of S of order pn and class at most c.
Does S possess a normal subgroup of order pn and class at most c? J. Alperin showed that the answer is
negative in general. In this article, we show that the answer is affirmative if n is sufficiently small relative
to p.
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1. Introduction
In this article, we prove the following result:
Theorem. Suppose p is a prime, S is a finite p-group, and B is a subgroup of S of order pn.
Assume n p − 1.
(a) If B has nilpotence class at most c and p  n − 2 + (n/c), then S possesses a normal
subgroup of order pn and class at most c, contained in 〈BS〉 and having exponent at most
equal to the exponent of B .
(b) If B is abelian and p > 2n − 2, then S possesses a normal abelian subgroup of order pn
contained in 〈BS〉 and having exponent at most equal to the exponent of B .
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G. Glauberman / Journal of Algebra 319 (2008) 800–805 801Recall that 〈BS〉 denotes the normal closure of B in S, i.e., the subgroup of S generated by all
conjugates of B in S. Note that (b) follows immediately from (a) by taking c = 1.
Part (b) of the theorem extends previous results of J. Alperin and the author (Theorem A of [2]
and Theorem A of [6]), which have smaller bounds.
A dihedral group of order 16 contains Klein 4-subgroups, but none is normal. Thus, we can-
not extend either part of the theorem to the case when n = p = 2. More generally, a family of
counterexamples by Alperin to both parts of the theorem for n = 2p2 − 2p + 2 (and c = 1) is
given in [1, pp. 11–12] and [8, p. 349]. In these examples, B is elementary abelian and S has no
normal abelian subgroup of order pn. Similar additional counterexamples to both parts for c = 1
are given by Ya.G. Berkovich in [4] for p  5 and n = (3p − 1)/2; also for p = 3 and n = 6.
In [10], A. Mann gave a very short proof of a related result:
Suppose S is a finite p-group, n < p, and S contains a subgroup of exponent p and order pn.
Then S contains a normal subgroup of exponent p and order pn.
Mann’s result gives an affirmative answer to a question of Berkovich [9, Problem 15.24].
Berkovich has pointed out that Mann’s result can also be derived from a theorem of P. Hall
[8, Satz III.10.14, p. 334]. This article was inspired by the study of [10] and [5]. The author
thanks E.I. Khukhro and Ya.G. Berkovich for providing him with copies of [10] and [5], and for
further comments.
This article is dedicated to the memory of Walter Feit, in deep appreciation for his help and
encouragement, and particularly his contributions to [3].
We require the following notation for iterated commutators in a group S. For subgroups Q,
R, T , we define [Q,R,T ] to be [[Q,R], T ], and we define [R,Q : k] inductively for k  1 by
letting
[R,Q : 1] = [R,Q] = 〈(y, x) ∣∣ x ∈ Q, y ∈ R〉, where (y, x) = y−1x−1yx;
and then letting [R,Q : i + 1] = [[R,Q : i],Q] for all i. For elements x and y, we define
[R,x : k] and [y, x : k] analogously for k  1.
We denote the upper central series of S by
1 = Z0(S) Z(S) = Z1(S)Z2(S) · · · .
All groups in this paper are finite. In addition, throughout this paper, p denotes a fixed but
arbitrary prime, and S denotes a fixed but arbitrary finite p-group.
2. Preliminary results
Proposition 1. Suppose R is a normal subgroup of S. Let n be the smallest nonnegative integer
such that Zn(S)R. Then
(a) 1 = Z0(S) ∩ R <Z1(S) ∩ R < · · · <Zn(S) ∩ R = R, and
(b) |R| pn.
Proof. Clearly, (b) follows from (a). We prove (a). It is trivial for n = 0. So assume n > 0.
Obviously, Z0(S) ∩ R = 1 and Zn(S) ∩ R = R.
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Then R is a nonidentity normal subgroup of S, whence R ∩ Z(S) > 1. Take a subgroup T of S
such that
T  Y and T = T/Y = R ∩ Z(S).
Then [T ,S] Y Zi(S) and Y < T R. Hence
T  Zi+1(S) and Zi(S) ∩ R = Y < T  Zi+1(S) ∩ R,
which proves (a). 
Proposition 2 (Three Subgroups Lemma; P. Hall [7, Theorem 10.3.5]). Suppose P , Q, and R
are normal subgroups of S. Then
[P,Q,R] [Q,R,P ][R,P,Q].
Definition 1. Suppose Q  S. An S-central chain C in Q is an ascending series
1 = Q0 Q1  · · ·Qs = Q
of subgroups of Q such that Qi  S and [Qi,S]Qi−1 for i = 1,2, . . . , s.
Given C, we define a partial ordering ≺ = ≺C on the set of all subgroups of Q as follows:
A ≺ B if |A| = |B| and
(a) |A ∩ Qi | |B ∩ Qi | for i = 1,2, . . . , s, and
(b) |A ∩ Qi | < |B ∩ Qi | for some i, 1 i  s.
Note that, in this definition, C is a central series in Q.
Proposition 3. Suppose Q  S, C is an S-central chain in Q, and k is a natural number. Assume
that
(a) Q has nilpotence class at most p − 1, and
(b) S is generated by Q and a set of elements g such that
[Q,g : p] = 1 = [[u,g : i], [v,g : j ]],
for all u,v in Q and all natural numbers i, j such that i + j  p.
Let B be a subgroup of Q that is a maximal element under ≺C in the set of all subgroups of Q
having nilpotence class at most k and the same order as B . Then B  S.
Proof. This is a special case of Theorem 5.6 of [6]. (Note that for B to be a maximal element,
we do not assume that B∗ ≺C B for every B∗ in B other than B , only that we never have
B ≺C B∗.) 
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As mentioned in Section 1, part (b) of the theorem follows from part (a). We prove part (a) by
induction on the order of S. We may assume that 1 <B < S. Let pe be the exponent of B .
Let M be a maximal subgroup of S that contains B . By induction, we obtain a subgroup B∗
of 〈BM 〉 having the desired properties with respect to M in place of G. Since
〈
B∗S
〉

〈〈
BM
〉S 〉 = 〈BS 〉,
it suffices to prove the conclusion with B replaced by B∗. For convenience in notation, we may
write B for B∗, i.e., we may assume B  M .
Define subgroups Ti inductively for i  1 by T1 = 〈BS〉 and Ti+1 = [Ti, S] for all i. Then
Ti = 1 for some i. Take k as small as possible such that Tk+1 = 1. We complete the proof in
several steps.
Step 1. The subgroups Ti satisfy the following conditions:
(a) T1 > T2 > · · · > Tk > Tk+1 = 1,
(b) the nilpotence class of T1 is at most p − 1, and
(c) T1 has exponent pe.
Proof. (a) This follows because S is nilpotent, Ti+1 = [Ti, S], and Ti  S for all i.
(b) Let s be the smallest integer such that B  Zs(M). Since B  M , Proposition 1 yields
ps  |B| = pn and s  n p − 1.
Therefore, B  Zs(M) Zp−1(M).
As M  S and Zp−1(M) is characteristic in M , we have B  Zp−1(M)  S and T1 = 〈BS〉
Zp−1(M). Now (b) follows because Zp−1(M) has class at most p − 1.
(c) By (b) and [7, p. 183], T1 is a regular p-group in the sense of P. Hall. As T1 is generated
by conjugates of B in S, Theorem 12.4.5 of [7] yields that T1 has the same exponent as B . 
Step 2. For all i, j  1, we have [Ti, Tj ] Ti+j .
Proof. We use induction on i.
First, for all j ,
[T1, Tj ] = [Tj , T1] [Tj , S] = Tj+1.
Next, assume i  1 and the result is valid for i and all j . Then, for any j , Proposition 2 yields
[Ti+1, Tj ] = [Ti, S,Tj ] [S,Tj , Ti][Tj , Ti, S]
= [Tj+1, Ti][Ti, Tj , S] = [Ti, Tj+1][Ti+j , S] Ti+j+1. 
Step 3. The conclusion of part (a) of the theorem is valid if k  p + 1.
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r  (p + 1) + 1 − (p − 1) = 3 and r + n = k + 1.
By Step 1,
Tr > Tr+1 > · · · > Tr+n = Tk+1 = 1.
Hence, |Tr | pn.
By hypothesis, p  n − 2 + (n/c). Therefore,
n/c p − n + 2 = p + 1 + 1 − n k + 1 − n = r,
cr  n, and
(c + 1)r  n + r = k + 1.
Thus T(c+1)r  Tk+1 = 1. Consequently, by Step 2 and a simple induction argument, the c + 1
term of the lower central series of Tr is the identity group, and Tr has nilpotence class at most c.
Since Tr  S and |Tr |  pn, Tr contains a normal subgroup B∗ of S of order pn. As Tr has
exponent at most pe and class at most c, B∗ satisfies the conclusion of part (a) of the theorem. 
Step 4. The conclusion of part (a) of the theorem is valid if k  p.
Proof. Let Q = T1 = 〈BS〉 and let C be the chain of subgroups
Q = T1 > T2 > · · · > Tk+1 = 1.
Note that Ti = 1 for all i  k + 1. From the definition of the subgroups Ti , C is an S-central
chain of Q and, for each positive integer i and each element g in S,
[Q,g : i] Ti+1.
We check the hypothesis of Proposition 3. First, by Step 1, Q has nilpotence class at most
p − 1 and exponent at most pe.
Now take g in S and u,v in Q. Then
[Q,g : p] Tp+1  Tk+1 = 1.
For positive integers i and j such that i + j  p,
[[u,g : i], [v,g : j ]] ∈ [Ti+1, Tj+1] Ti+j+2  Tp+1 = 1.
Therefore, conditions (a) and (b) of Proposition 3 are satisfied.
Let B∗ be a subgroup of Q that is maximal under ≺C in the set of all subgroups of Q having
order pn and class at most c. By Proposition 3, B∗  S. This completes the proof of Step 4 and
of the theorem. 
G. Glauberman / Journal of Algebra 319 (2008) 800–805 805Acknowledgments
During the preparation of this paper, the author enjoyed the support of a grant from the Na-
tional Security Agency and the hospitality of the Institute for Advanced Studies of the Hebrew
University of Jerusalem at a conference on Asymptotic Group Theory in honor of Avinoam
Mann. The author thanks these institutions warmly.
References
[1] J.L. Alperin, Large abelian subgroups of p-groups, Trans. Amer. Math. Soc. 117 (1965) 10–20.
[2] J.L. Alperin, G. Glauberman, Limits of abelian subgroups in finite p-groups, J. Algebra 203 (1998) 533–566.
[3] H. Bender, G. Glauberman, Local Analysis for the Odd Order Theorem, London Math. Soc. Lecture Note Ser.,
vol. 188, Cambridge Univ. Press, New York, 1994.
[4] Ya.G. Berkovich, A certain nonregular p-group, Siberian Math. J. 12 (1971) 654–657.
[5] Ya.G. Berkovich, Alternate proof of two theorems of Philip Hall on finite p-groups, and some related results,
J. Algebra 294 (2005) 463–477.
[6] G. Glauberman, Large subgroups of small class in finite p-groups, J. Algebra 272 (2004) 128–153.
[7] M. Hall, The Theory of Groups, Macmillan, New York, 1959.
[8] B. Huppert, Endliche Gruppen I, Springer-Verlag, Berlin, 1967.
[9] The Kourovka Notebook. Unsolved Problems in Group Theory, fifteenth ed., Institut Matematiki 50 RAN, Novosi-
birsk, 2002, sixteenth ed., 2006.
[10] A. Mann, Letter of October 1, 2002, to E.I. Khukhro, “Corrigenda and Addenda” to [9], sixteenth ed.
